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Dedicated to Anatoly Fomenko on the occasion of his 60th birthday. 
Abstract 

In this note we prove that a positive multiple of each even-dimensional 
integral homology class of a compact symplectic manifold (M 2n ,Lo) 
can be represented as the difference of the fundamental classes of two 
symplectic submanifolds in (M 2n ,uj). We also prove the realizabil- 
ity of some integral homology classes by symplectic submanifolds in 
(M 2n ,oj). 

1 Introduction. 

In 1954 Rene Thorn prove the following celebrated theorem which 
relates the topological structure with the differentiable structure on 
compact manifolds. 

1.1. Theorem. [Thoml954, Theorem 11.25]. For each element 
a G Hi t (M m , Z) of a compact differentiable manifold M m there exists 
a positive number N(k, m) such that the element N{k, m) ■ a can be 
realized by a differentiable submanifold in M m . 

Thorn's theorem is optimal in the sense that we cannot replace 
N(k,m) = 1. Namely Thorn showed that for each k > 7 there is a 
compact differentiable manifold M m and an element a G -fffc(M m ,Z) 
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such that a cannot be realized by the fundamental class of a subman- 
ifold in M m [Thoml954]. 

As an immediate consequence of Thorn's theorem 1.1 we get that 
the homology group H* (M m , Q) is generated by the fundamental 
classes of differentiable submanifolds of M m . 

In this note we prove the following weak version of Thorn's theorem 
for compact symplectic manifolds. 

1.2. Theorem. Suppose that (M 2n ,co) is a compact symplectic 
manifold. Then for each element a € H2k(M 2n ,Z), 1 < k < n, there 
exists a positive number N(a) £ N + such that N(a) ■ a = [S 2k ] — [S 2k ], 
where Sf k and S% k are symplectic submanifolds in (M 2n ,uj) . 

A particular case of Theorem 1.2 is 

1.3. Theorem. [Donaldsonl996] Let {M 2n ,u>) be a compact in- 
tegral symplectic manifold, i.e. the cohomology class [lo] belongs to 
H 2 (M,Z) C H 2 (M,R). Then for each 1 < k < n there exists a 
number N^k) G N+ such that N ■ PD([uo n - k \) can be realized by a 
symplectic submanifold S 2k in (M 2n ,uj), if N > Ni(k). 

Actually in his paper [Donaldsonl996] Donaldson has stated his 
result as in Theorem 1.3 only for k = n — 1. Kaoru Ono has noticed 
that using a simple argument we can easily get Theorem 1.3 for 1 < 
k < n — 2 as a consequence of [Donaldsonl996, Theorems 3, 5]. We 
shall represent Ono's argument in section 2. Theorem 1.3 also follows 
from a result of Auroux [Auroux2000] (see Proposition 2.4 below) 
which generalizes Donaldson's arguments. 

We shall call a homology class a G H2k(M,7j) symplectic, if a 
is the fundamental class of a symplectic submanifold in M 2n . We 
shall call a homology class a € H2k(M, Z) formal symplectic, if the 
pairing < a, uj k > is positive. 

1.4. Conjecture. For each formal symplectic class a £ H2k(M 2n , Z) 
there exists a positive number Ni(a) £ N + such that Ni(a) ■ a is sym- 
plectic. 

For k = 1 and n > 3 the conjecture 1.4 is true. More precisely we 
have 

1.5. Theorem. Let (M 2ti ,uj) be a compact symplectic manifold 
with 2n > 6. 
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a) If u> n2 ( M 2n} ^ 0, then there exists a symplectic sphere in (M 2r \uj). 

b) The conjecture 1.4 is true for a <G H2(M 2n ,Z). 

I am deeply thankful to Simon Donaldson and Jiirgen Jost for their 
interests and supports. I am greatly indebted to Kaoru Ono for his 
quick help and criticism and I thank Dietmar Salamon for pointing 
out an error in the early version of this note. It is my pleasure to 
dedicate this note to my teacher Anatoly Fomenko, for he introduced 
me into algebraic topology and symplectic geometry. He gave me the 
book [Rassl958] from his library and urged me to study the classical 
works of the French topology school in the last century, and so he 
influenced me over this work directly. 

2 Proof of Theorem 1.2. 

Clearly Theorem 1.2 is a consequence of the following 

2.1. Theorem. Let (M 2n ,uj) be a compact symplectic manifold 
and a G H 2 k(M 2n ,Z). Then there exist an integral symplectic form 
u> on M 2n and positive integral numbers 7V 2 (a) and N 3 (a) such that 
[N 2 {a)-a + N 3 (a)PD[id n - k }} and N 3 (a) • PD[uj n ~ k ] can be realized by 
symplectic submanifolds, respectively S 2k of (M 2n ,uj), i = 1,2. 

In this section we shall give a proof of Theorem 2.1. First we prove 
Theorem 2.1 for compact integral symplectic manifolds (M 2n ,co) (and 
G) = lu for this case) with certain estimates for obtained symplectic 
submanifolds. Next for an arbitrary symplectic form cu we shall find a 
rational symplectic form lu close enough to lu such that the obtained 
u> -symplectic submanifolds are also w-symplectic submanifolds. 

Our needed estimates for symplectic submanfolds are expressed in 
terms of 77-transversality and C fc -approximately (resp. C fc -asymptotically) 
homolomorphic maps. These notions have been first introduced by 
Donaldson for mappings from an almost complex manifold (M 2n , J) 
with a Riemannian metric g to C [Donaldsonl996] and later extended 
by Auroux for mappings from {M 2n , J) with a Riemannian metric g 
to C k (see e.g. [Auroux2000]). 

2.2. Definition. [Donaldsonl996], [Auroux2000] . Given a con- 
stant i] > 0, we say that a section s of a vector bundle carrying a 
metric and a connection is r/-transverse to 0, if at every point x 
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such that \s(x)\ < rj the covariant derivative Vs(i) is surjective and 
admits a right inverse of norm less than 77 -1 . 

2.3. Definition. [Donaldsonl996], [Auroux2000] . Let (M, J) 
be an almost-complex manifold with a Riemannian metric and let 
s be a section of an almost complex vector bundle with metric and 
connection. Given a sequence {(Cj,Cj),l < i < k} we say that s 
is C^-approximately holomorphic with bounds {(Cfc,Cfc)}, if it 
satisfies the following estimates for all 1 < r < k 

|V r s| < C r ■ C,7 r/2 , |V r <9/| < C r ■ cf~^, 

where dj is the (0, l)-part of the connection. 

Moreover, given constants c k — ► oo, we say that a sequence {s k } 
of sections is C^-asymptotically holomorphic, if there exists a se- 
quence {Cfc} such that each section c k , k » 0, is C k approximately 
holomorphic with bounds {(C k ,Ck)}- 

If k = oo we shall only say approximately holomorphic sections, 
asymptotically holomorphic sequences. 

Our proof of Theorem 2.1 is based on the following result by Au- 
roux. 

2.4. Proposition. [Corollary 5.1, Auroux2000]. Let (M 2n ,tu) 
be a compact symplectic manifold endowed with an uj-tame almost- 
complex structure J, and let be an asymptotically very ample se- 
quence of locally splittable vector bundles over (M 2ra , J). Then, for all 
large enough values of k there exist asymptotically holomorphic sec- 
tions Sk of Ek which are uniformly transverse to and whose zero sets 
are smooth symplectic submanifolds in M 2n . 

Recall that a sequence of complex vector bundles E^ with metrics 
and connections over a compact almost-Hermitian manifold (M, g, J) 
is asymptotically very ample, if there exist constants 5, {C r }, r >o , 
and a sequence c& — > +oo such that the curvature of satisfies 
the following properties 

1) < iF k (v, Jv) ■ u,u >> c k g(v,v)\u\ 2 , Vv G TX,\fu G E k , 
n. I £,0,2 , . x 1/2 

2) sup \F k \ g < 5 r c k > , 

3) sup |V r F fc | 9 < C r c k , Mr > 0. 

A sequence of asymptotically very ample complex vector bundles 
E k with metrics |.|fe and connections Vfe is locally splittable, if given 
any point x G X, there exists over a ball of of fixed (7-radius around x 
a decomposition of E k as a direct sum L kt i © • • • © L k , m of line bundles 
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such that the following properties hold: 

1) the |. ^-determinant of a local frame consisting of unit length local 
sections of L^i, ■ ■ ■ Lk m is bounded from below by a fixed constant 
independently of x and k, 

2) denoting by Vk,i the connection on obtained by projecting 
^k\L k i to Lfc 5 j and by the direct sum of the Vfc^, the 1-form 
<^k = Vfc — Vl ( the non-diagonal part of V&) satisifies the uniform 
bounds |V r a&| 9 = Oic'J," 2 ) for all r > independently of x. 

2.5. Remark-Example. [Auroux2000] . If E is a fixed complex 
vector bundle and are asymptotically very ample line bundles, then 
the vector bundles E ® are locally splittable and asymptotically 
very ample, so are direct sums of vector bundles of this type. 

Proposition 2.4 is a generalization of Theorem 5 in [Donaldsonl996] 
which is a special case of Proposition 2.4 for E l = L® k . Here L u 
denotes the complex line bundle over (M 2n ,oj) whose curvature is 
equal to oj. 

Our proof of Theorem 2.1 also uses the following Proposition due 
to Thorn [Thoml954]. Let G be a subgroup of 0(k) and M n be a dif- 
ferentiate manifold. We say that a cohomology class a G Hi s (M n ,'Z) 
is realizable w.r.t. G, if there is a G-vector bundle V k of dimension k 
over M n whose Euler class e(V h ) is equal to a (see [Thoml954]). 

2.6. Proposition. [Thoml954 Theorem 11.25]. For each coho- 
mology class z G H k (M n , Z) there exists a number N(k,n) G N + such 
that the class N(k,n)-z is realizable w.r.t. SO(k). Ifk = 21, then there 
exists a number Ni(k,n) > N(k,n) such that the class Ni(k,n) • z is 
realizable w.r.t. U(l). 

Actually the proof of Thorn in [Thoml954] brings more information 
on the vector bundle associated with N(k, n) ■ z. We have namely the 
following 

2.7. Proposition. For each cohomology class a G H 2k {M n J 1) 
there exists a number A^A^n) G N + and a complex vector bundle E k 
over M n such that 

c k (E k ) = N 2 (k,n) ■ a, 
Ci (E k ) = 0, for all 1 <i < k-\. 

Proof. Let AT(Z, 2k) be the Eilenberg-MacLane space and A^(Z, 2k) q 
be the g-dimensional skeleton of K(Z, 2k). We denote by / a map from 
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M n to K{Z,2k) n+1 such that /*(r) = a, where r G H 2k (K(Z,2k),Z) 
is the fundamental class of K(Z,2k). Let Gc(k) denote the classify- 
ing space of the group and c& £ H 2k (Gc(k),Z) be the top Chern 
class of the universal complex vector bundle V k over Gc(k). In the 
proof of [Thoml954 Theorem 11.25] Thorn has showed that there is a 
map 

g : K{Z,2k) n+1 -> Gr c {k) 

such that <7*(cfc(V fc )) = N^{k, n) -r for some positive number N2(k, n). 
Clearly the complex vector bundle E k = f*{g*{V k )) satisfies the con- 
dition 

c k {E k ) = N 2 {k,n)a. 

Since the cohomology group H l (K(Z,2k),Q) is zero for all i < 2k — 
1, (namely H*(K(Z,2k),Q) = <Q[x],dimx = 2k, see e.g. [F-F1989 
Chapter III, 25.2]), taking into account the equality 

W{K{Z, 2k) n+1 ,Q) = H\K{Z, 2k), Q), Mi < n 

it follows that 

(ci(f*(V k )) = for all 1 < i < k - 1. 

Now it is easy to see that E k satisfies the condition of Proposition 2.7. 
□ 

Proof of Theorem 2.1. First we shall prove Theorem 2.1 for a 
compact integral symplectic manifold (M 2n ,uj). Given an element 
PD(a) G H 2 ( n ~ k \M 2n , Z) we choose a complex vector bundle E n 
and a number N2(n — k, 2n) satisfying the condition of Proposition 2.7. 
The following Lemma is an immediate consequence of Proposition 2.4 
and Remark 2.5. 

2.8. Lemma. There exists a number N%(E n ~ k ) such that for 
any N > N3(E n ~ k ) there are asymptotically holomorphic sections of 
E n ~ k <8> L® N which are uniformly transversal to and whose zero set 
are smooth symplectic submanifolds in (M 2n ,uj). 

Now we use the following well-known formula for the Chern classes 
of tensor products of complex vector bundles (see e.g. [Hartshornel977, 
Appendix A.3]). Denote by ct(E r ) the Chern polynomial of a complex 
vector bundle E r over X: c t {E r ) = c (E) + a(E)t + ■■■ + c r {E r )t r . 
Using the Grothendieck splitting principle we write 

c t (E r ) = U r l=1 (l + ai t). 
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Let F s be another complex vector bundle over X with 

c t (E s ) =W j=1 (l + bjt). 

Then we have 

(2.9) c t (E r ® F s ) = IL itj (l + + 6j)*)- 

It follows from (2.9) that for the chosen E n ~ k satisfying Proposition 
2.7 the top Chern class 

(2.10) c n - k {E n - k ® L N ' A ) = N 2 {n - k,n) ■ PD{a) + N z (a)[uo n ' k }. 

Combining (2.10) with Lemma 2.8 we get Theorem 2.1 for compact 
integral symplectic manifold (M 2n ,Lo). 

Proof of Theorem 2.1 for a general compact symplectic (M, lo). We 
need the following perturbation result. 

2.9. Lemma. Suppose that (M 2n ,LO,J) is a compact symplectic 
manifold with a compatible almost complex structure J. Then for any 
given positive numbers C > 0, n > there exist a positive number 
5 > and an integral symplectic form Co together with its compatible 
almost complex structure J over M 2n such that the following state- 
ment holds. Let E k be a complex vector bundle over (M, Co, J) with 
metric and connection and s be a section of (M, gj) to E k which is 
rj-transversal to and which is C 2 -approximately holomorphic with 
bounds {(C, 5), (C, <5)}. Then the zero section s _1 (0) is a symplectic 
submanifold w. r. t. both symplectic structures lo and Q . 

Proof. For any symplectic manifold (M,lu,J) with a compati- 
ble almost complex structure we denote by G^AM, u) the Grassma- 
nian of w-symplectic 2/c-planes in T*M and by G J 2k (M, J) the Grass- 
manian of J-invariant 2/c-planes in T*M. Clearly G\ k (M, uj) is an 
open neighborhood of G^AM, J). Hence, if M is compact and lo 
and J are given, there exists a positive number e > such that if 
p v (V 2k , G2 k (M,co)) < e, then V 2k is a symplectic plane. Here we 
identify V 2k with a point in C?2fc(M) with p v being the induced metric 
on each fiber G2k(T x M),x G M. Using this open property we can 
find a rational symplectic form to\ in a C 2 -small neighborhood of a 
given symplectic form lo with a compatible almost complex structure 
Ji which is C 2 -close to J such that the following property holds. If V 
is a point in G 2k {T x M 2n ) and p\(V, G^ k (T x M 2n )) < (e/2), then V is 
symplectic w.r.t. both the symplectic forms io\ and lo. 
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With this at hand it is easy to come to the conclusion of Lemma 2.9. 
Namely we take a; to be a multiple of u\ . Then the compatible almost 
complex structure J\ is also compatible to u. So we put J := J±. Next 
we note that the metrics g\ and g associated respectively to (u\ , J\ ) 
and (to, J) induce the same fiber metric g\ on each G2k(T x M), and 
any wi-symplectic plane (resp. J 1 -invariant plane) is also w-symplectic 
(resp. J-invariant plane) and conversely. 

Now given positive numbers rj, C and e we shall choose 8 > 
so that from the jy-transversality and C 2 -approximate holomorphy of 
a section s from M 2n to a complex vector bundle E with bounds 
{(C, 8), (C, 8)} we shall get the estimate for tangential space of s _1 (0): 

(2.10) p[(T x s-\^Gt_ 2k (T x M^)) < |. 

This is possible since the Nijenhuis tensor which measures non-holomorphy 
of s _1 (0) depends on the ratio of ds and ds up to the second order 
of s (see also [Auroux2000]). By our choice of Co and J the equality 
(2.10) also implies that s _1 (0) is both w-symplectic and w-symplectic. 
□ 

Completion of the proof of Theorem 2.1. Now given a compact 
symplectic manifold (M, uj) with a compatible almost complex struc- 
ture J and a <G H2(M, Z) we shall choose Q and J as in Lemma 9. Let 
pn-k a com pi ex vector bundle satisfies the condition of Lemma 2.7 
and E p = F n ~ k <g> L® p be the sequence of asymptotically very ample 
complex vector bundles over (M, to, J). Here is the associated com- 
plex line bundle over (M,u>,gj). Let s p be sequence of asymptotically 
holomorphic sections of E p from Proposition 2.4. By definition, for 
any given 8 > there exists a number K » such that if p > K then 
s p is C 2 -approximately holomorphic with bounds {(C, 8), (C, 8)}. It 
follows from Lemma 2.9 that the zero sections s _1 (0) is also symplectic 
w.r.t. the symplectic form uj. □ 

Another elementary proof of Theorem 1.3 for 1 < k < n — 2. 
[Ono2004]. Clearly Theorem 1.3 is a consequence of the following 
statement. There are positive integral numbers ■ ■ ■ , n& and for 
each i = 1, k a section Sj of the line bundle L™ 1 such that the section 
s := si © • • • © Sfc intersects to the zero section of L := L^ 1 © • • • © 
L^ k transversally and s _1 (0) is a symplectic submanifold in (M 2n ,u>), 
if Ni > ni for 1 < % < k. (Obviously this statement follows from 
Proposition 2.4 and Remark 2.5.) 
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Ono has noticed that Theorem 1.3 is also a consequence of Theorem 
1 in [Donaldsonl996]. Indeed, it suffices to prove the above statement 
inductively on k. For k = 1 the statement is exactly Theorem 1 in 
[Donaldsonl996]. Assume that the above statement is valid for k = K. 
We shall prove its validity for k = K+l. We denote by Sk the common 
zero locus of sections S\, ■ ■ ■ ,sk which is by the induction assumption 
a symplectic submanifold. We note that the restriction of the line 
bundle to Sk has the curvature u\s K which is the symplectic form 
on Sk- According to Donaldson [Donaldsonl996, Theorem 5 and 
Proposition 3] there exists a number Nq such that if uk+i > Nq there 
is a section 

sk+i '■ Sk — > L U) K+1 

such that sk+i intersects with the zero section of LZ K+1 transversally. 
Moreover the zero section N := s K l +1 (Q) is a symplectic submanifold 
in Sk- 

Since the fiber L W K+1 is contractible, the section sk+i can be ex- 
tended to a section sk+i ■ M 2n — > L™ x+1 . The proof of the above 
statement is complete, if we can show that sk+i can be chosen to 
be transversal to the zero section of a neighborhood U £ {Sk) C M 2n . 
It is easy to see that the extension of the section from the subman- 
ifold to the ambient space is just done by pull back the section by 
the projection of the normal bundle of the symplectic submanifold. 
More explicit we choose U £ (Sk) to be a (geodesic) neighborhood of 
Sk in M 2n , such that there is a diffeomorphism / from U £ (Sk) to a 
neighborhood V £ {Sk) of the zero section of the normal bundle V(Sk) 
of Sk in M. By using this diffeomorphism / we can work now on 
V £ (Sk)- It is easy to see (see e.g. [Thoml954]) that 

(2.11) V(S K ) = (L n J@---®L^)\ SK . 

Then we let the extension of sk+i '■ Sk L nK+1 to a section sk+i '■ 
V £ {S K ) -» (/- 1 )*L n ^+ 1 be defined by 

(2.12) . s K +i(x, h, ■ ■ ■ ,1k) = (x,h,... ,1k, s k +i(x)) 

Finally we extend sk+i to a section sk+i over M 2n . This section 
sk+i satisfies the condition of the statement at the beginning of the 
(elementary) proof of Theorem 1.3. □ 
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3 Proof of Theorem 1.5. 



To prove the part (a) of Theorem 1.5 we need the following 

3.1. Lemma. Suppose that the condition a of Theorem 1.5 is 
satisfied. Then there is an embedding f : S 2 — > M such that f* ( [uj] ) = 
k[ujQ\ for some k > 0. Here we denote by ujq the standard symplectic 
form on S 2 . 

Proof. Let / be a smooth map such that < [uj], [f(S 2 )] >= k > 0. 
Since the space of immersions from S 2 to M 2n ,n > 3, is dense in 
the space of smooth maps [Hirschl959] we can assume that / is an 
immersion. We can also assume that the intersection point is generic. 
Using an isotopy and the dimension condition we move the second 
intersection point from the first one. □ 

Proof of Thereom 1.5. a. First we find a map covering F : T^S 2 — > 
T if M 2m which is fiber-wise symplectic. The existence of such a map is 
equivalent to the existence of a section of the bundle I so sym (T*S 2 ,T*M 2m ) 
over S 2 . The fiber of this bundle is Symp(2m) / Symp(2m — 2) which 
is 2m — 1 connected [Gromovl986]. So there is no obstruction for a 
section. Now Theorem 1.5. a follows immediately from the h-principle 
of Gromov and the observation, that we can make a C 1 -perturbation 
of a symplectic immersion of S 2 to get a symplectic embedding, since 
the dimension of M 2n is at least 6. 

3.2. H-principle for symplectic immersions. [Gromovl986, 
3. 4. 2. A] Let g be an arbitrary (possibly singular) closed smooth 2-form 
on a smooth manifold V and let Fq : (T*V,g) — > (T*M,u>) be a fiber- 
wise injective isometric homomorphism for which (itF)*[lu] = \g\. 
Let us denote by i the embedding V — > T*V as the zero section, 
and by it the projection T*M — > M. If dimV < dimM, then the 
map it o F o i : V —> M 2n admits a fine C°- approximation by iso- 
metric smooth immersions f : (V,g) — > (M 2ti ,uj) whose differentials 
Df : T*V — > T*M are homotopic to Fq in the space of fiberwise injec- 
tive isometric homomorphisms. 

To prove (b) we replace Lemma 3.1 by the Thorn existence theorem 
[Thoml954, Theorem 11.25]. The rest of our argument repeats the 
proof of (a). □ 

We close this note with the following questions. It is easy to see 
that any symplectic curve E in a symplectic manifold (M 2ti ,lo) is a 
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J-holomorphic curve for some compatible almost complex structure 
J on (M 2ti ,uj). When can we ensure that the holomorphic curves in 
Theorem 3 are generic in Gromov's sense? If it is the case, we can 
obtain the existence of true holomorphic curves representing different 
homology classes in certain algebraic projective manifolds. 
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